In this paper, we give a proof of the famous Hodge conjecture.
Introduction and results
The famous Hodge conjecture states that any rational class A ∈ H 2p (X; Q) of pure Hodge (p, p) type on any smooth complex projective algebraic variety X is realised by a rational combination of codimension-p algebraic cycles in X(see [1] ). The main result of this paper is as follows: Our proof depends on the Hodge decomposition, Hodge-Riemann index theorem, Bertini theorem and Lefschetz theorem on hyperplane section.
Hodge-Lefschetz theory
We recall some fundamental theorems in Hodge theory, especially the Hodge-Lefschetz decomposition theorem, the Hard Lefschetz Theorem, the Hodge-Riemann Bilinear Relations and the Lefschetz theorem on hyperplane sections.
The Hodge Decomposition for compact Kähler manifolds
Theorem 2.1 (The Hodge Decomposition) Let X be a compact Kähler manifold. The natural maps
satisfying the equality H p,q (X) = H q,p (X).
Hard Lefschetz Theorem and the Hodge-Riemann Bilinear Relations
Poincaré Duality asserts that
In particular, b n−j (X) = b n+j (X).
The Hard Lefschetz Theorem states that
is an isomorphism. This isomorphism, coupled with Poincaré Duality, gives rise to the non-degenerate bilinear form
The Hodge-Riemann Bilinear Relations express the beautiful signature properties of this bilinear form.
Let 0 ≤ r ≤ n and define the space P n−r L of rational (n−r)−primitive classes as P n−r := Ker L r+1 ⊆ H n−r (X, Q).
Clearly, this space can be defined also for Z, R and C coefficients, in which case we use the notation P n−r L (X, R), for example.
For every r ≥ 0, we have isomorphisms
(b) (The primitive Lefschetz decomposition.) For every r ≥ 0 there is the direct sum decomposition
where each summand is a pure Hodge sub-structure of weight n − r and all summands are mutually orthogonal with respect to the bilinear form
Lefschetz Theorem on hyperplane section
The following is another fundamental result about the topology of projective varieties. Essentially, it states that a great deal of the topology of a projective manifold "comes" from its hyperplane sections.
Let Y := X ∩ P N −1 ⊆ X ⊆ P N be a hyperplane section of a projective manifold X of complex dimension n embedded in projective space. 
is an isomorphism for j ≤ n − 2 and is injective for j = n − 1.
If, in addition, Y is nonsingular, then the natural Gysin map (i.e. the Poincaré dual to the map in homology)
is an isomorphism for j ≥ 2 and is surjective for j = 1.
3 Bertini theorem and Nakai-Moishezon Criterion Theorem 3.1 (Bertini's theorem). On an arbitrary ambient variety over any algebraic close field, if a linear system has no fixed components, then the general member has no singular points outside of the base locus of the system and of the singular locus of the ambient variety(see [2, 1, 3] ).
Theorem 3.2 On an arbitrary ambient variety over any algebraic close field, there exists a linear system which has no fixed components and with empty base locus.
Proof. It is obvious. This proves the theorem.
Theorem 3.4 Let Y ⊂ X be an algebraic cycle of dimension r. Then, its Poincare Z is still algebraic cycle.
Proof. By Nakai-Moishezon, it is obvious.
Proof on Theorem1.1
Proof of Theorem1.1:We make the induction on dimension n of the smooth projective variety. It is obvious that Theorem1.1 holds for n = 0. Let A ∈ H 2p (X; Q) be a rational class of Hodge-type (p, p).
Step1. Assume that 2p ≤ n + 1 and A = A 1 ∪ ω, then by Bertini theorem, there exists a hyperplane H such that X H = H ∩ X is smooth. By Lefschetz theorem on hyperplane section, we know that A 1 |X H = 0 ∈ H 2p−2 (X H ). By induction, A 1 is represented by an algebraic cycle W 2p in X H . We claim that W 2p represents A in X. Since for any (n − p, n − p)−form ξ n−p,n−p on X, we have
which shows that the algebraic cycle W 2p represents A ∈ H p,p (X).
Step2. Assume that 2p ≥ n + 1, again, by Bertini theorem, there exists a hyperplane H such that X H = H ∩ X is smooth. By Lefschetz theorem on hyperplane section, we know that A = A 1 ∪ ω, so A 1 = 0 ∈ H p−1,p−1 (X H ). By induction, A 1 is represented by an algebraic cycle W 2p in X H . As in step1, one can show that W 2p represents A in X.
Step3. Assume that 2p ≤ n−1 and A ∈ H p,p (X) is not decomposible, i.e., A ∈ P p,p = H p,p (X) ∩ P 2p by the primitive Lefschetz decomposition. Then by Poincare duality theorem, we have a (n − p, n − p)−form A * ∈ H n−p,n−p with 2(n − p) ≥ n + 1, so, A * is represented by an algebraic cycle W 2p . Then, Theorem3.4, A is also represented by an algebraic cycle W 2n−2p , i.e., the dual of W 2p .
Step4. The only remain case is that n = 2k and A ∈ P k,k . By the Hodge-Lefschetz theory, there exists a harmonic form η k,k such that A = [η k,k ] and η k,k ∧ η k,k = ∧ 2k ω. So, (Λη k,k ) ∧ η k,k = ∧ 2k−2 ω = 0, here Λ : Λ p → Λ p−2 is the dual of the map
Therefore ((Λη k,k ) ∧ η k,k )|X H = 0 for some hyperplane section H as in step1. By induction, [Λη k,k ] is represented by an algebraic cycle W 2k . Since for any (k, k)−form ξ k,k on X, we have So, A is also represented by an algebraic cycle W 2k . Therefore, Step1-4 finishes the proof of the theorem.
Remark 4.1 We will give a proof on the algebraic version of the Hodge conjecture by the method of this paper which implies a proof on the Grothendieck standard conjecture.
